Abstract. In this paper we construct a model to describe some aspects of the deformation of the central region of the human lung considered as a continuous elastically deformable medium. To achieve this purpose, we study the interaction between the pipes composing the tree and the fluid that goes through it. We use a quasi-static approximation to determine the deformed radius of each branch. Then, we solve a constrained minimization problem, so as to minimize the viscous (dissipated) energy in the tree. The key feature of our approach is the use of a fixed point theorem in order to find the optimal flow associated to a deformed tree. We also give some numerical results with interesting consequences on human lung deformation during expiration, particularly concerning the localization of the equal pressure point (EPP).
INTRODUCTION
The goal of this paper is to study mathematically and numerically the interaction between a finite dyadic elastic tree made of cylindrical pipes and the fluid that goes through it. The fluid is assumed to be viscous, to have given fluxes at the outlets and to flow according to Poiseuille's law. First we consider the case of a rigid tree. Following [3] , we establish a relationship between the fluxes and the pressures at the leaves in the case of a non regular tree (i.e. a regular tree has constant radii at each generation). However, in the contrary of [3] where the tree considered is rigid, we assume that the tree branches have elastic walls. Under the assumptions that the elastic deformation's law of the pipes is linear and that the pipes stay cylindrical after deformation, we give a quasi-static model of the branch deformation mechanism. The deformed radius of each branch is obtained by considering the balance between the internal pressure due to the fluid flow and the external pressure due to some strains. Although, the pipe's elastic law and the relation between the pressure and the flux are linear, the elastic model of the branch deformation mechanism is nonlinear and the main difficulty of this problem stays in the geometry of the tree. Then, considering a viscous energy term, we study an optimization problem for fluxes at the outlets with respect to a tree. Generally, the given fluxes and the deformed tree do not satisfy this optimality condition, that is to say that the dissipated energy of the flow in the deformed tree has not a minimal value. In order to find a more realistic deformed tree in the sense that the dissipated energy of the flow in the deformed tree has an optimal value, we use a fixed point theorem.
A motivation for this modeling problem is the construction of a simple and global mechanical model of the central region of the human lung in the case of small deformations. The bronchial tree of the human lung can be viewed as a dyadic net of pipes composed of 23 generations. More precisely, according Keywords and phrases: fixed point, Poiseuille flow, finite tree, elastic wall, lungs, equal pressure point to [5] [6] [7] 13 ], we can distinguish three parts in this tree. In the first part, mainly from the first generation to the fifth generation, there is some cartilage and the pipes can be assumed to be rigid. Moreover, the effects of inertia in the flow are large and correspond to the nonlinear Navier-Stokes regime. In the middle part, mainly from the sixth generation to the sixteenth generation, the effects of inertia are smaller. This validates the Poiseuille regime (see [3, [5] [6] [7] 13 ]), at least for rest respiratory regime. In this part of the tree, cartilage does not exist and there are interactions between the fluid and the walls of the pipes. In the last part, the tree function becomes different (beginning of gas exchange with blood).
The plan of the paper is as follows. We begin with some notations in Section 2. Assuming that some incompressible, viscous and non-inertial fluid flows through a single pipe, our first step, in Section 3, consists in modeling the deformation mechanism of the pipe. Then, in Section 4, we consider a finite dyadic tree and we express the deformation for the whole tree when air flows through it according to Poiseuille's law. In Section 4, we build the optimal air flow distribution at the leaves of the tree that minimizes an energy functional corresponding to the dissipated viscous energy for a given tree. In Section 5, using a fixed point theorem, we prove the existence of a deformation and of an air flow distribution such that this air flow applied to the tree minimizes the energy functional associated to this tree after deformation. Finally, in Section 6, we present a few numerical simulations and applications of this theory to the human lung, particularly concerning the localization and progression of the equal pressure point (EPP). This point is defined as the point (indeed the pipe in our case) of the tree where the deformation is equal to zero and which is such that behind this pipe, there is an inflation and after this point there is a reduction of the radii of the pipes. In Appendix, we give the details about the numerical scheme used to compute the fixed point defined in Section 5 and we give some estimates to determine the convergence condition and convergence speed of the scheme.
NOTATIONS
Let us begin with a short review of the different notations that will be used. The set of square real matrices (resp. invertible real matrices, symmetric real matrices and symmetric positive definite real matrices) of size N × N is denoted M N (R) (resp. GL N (R), S N (R) and S + * N (R)). Some other matrix sets will be introduced in section 4 and Appendixes A and B (such as B N and P N ). We will use the matrix norm |||.||| 2 subordinate to the euclidean norm ||.|| 2 (i.e. if M = (m ij ) then |||M ||| 2 = sup X =0 ||M X||2 ||X||2 ). A vector (a 0 , a 1 , ..., a N ) will be such that a i is at position i. A tree of height N will be denoted by T N , the nodes and branches will be indexed by i and the generation number will be denoted by k(i). The notion of path Π on the tree will be introduced in Section 4. The total outgoing flux in the root node will be denoted by Φ, while q TN (resp. p TN ) will denote the vector whose components (denoted byp i (resp.q i )) are the fluxes (resp the pressure) in the branches (resp. at the nodes) and q (resp. p) will denote the vector whose components (denoted by p i (resp. q i )) are the fluxes (resp. the pressures) at the outlets. Several exterior pressure values P ext , P 1 ext and P 2 ext will be introduced in order to allow to solve equation from which the radius r of the deformed tree will be deduced (our approach is quasi-static).
The symbol J will denote the real vector made of ones, i.e. J = t (1, ..., 1). Its size will correspond to the number of leaves of the tree T N considered, namely 2 N . Cylindrical coordinates (x, θ, z) will be used. The symbol ∼ will be used for equivalent functions.
BRANCH DEFORMATION MECHANISM
In this section, we present the deformation mechanism in the case of a single branch B. The deformation mechanism for the whole tree will be presented in Section 3. We consider an incompressible, viscous and non-inertial fluid which flows through a single elastic pipe and we look for the deformed pipe.
First, for such a fluid, we recall that the pipe is characterized by its resistance which is the ratio of the pressure jump between its ends over the flux. Next, assuming that the branch stays cylindrical after deformation and that the constitutive law of the wall is linear, we build an elastic model of the branch deformation mechanism (which is nonlinear because hydrodynamical resistance is a nonlinear function of branch radius) depending on the pressure jump between the inside and the outside of the branch.
In the case of the human lung, the assumption that the pipe remains cylindrical can be explained as follows. First, the variation of the external (and internal) pressure in the pipe is small and can be assumed to be equal to zero. Next, for those pipes located between the 6th and the 16th generations, there exists an external strain which acts on all pipes through smooth muscles (with spiral shapes along the pipe wall).
Let us begin with some notations used in this Section. B is a cylindrical elastic pipe of radius r and of length L. The pressure is supposed to be uniform over each end section. The inlet is referred to a (for above) and the outlet to b (for below). The flow q going through B is chosen positive when the fluid goes from b to a. We assume that the branch is submitted to a uniform external pressure P ext .
The Poiseuille law
Here, we assume that the pipe is rigid so that there is no interaction between the fluid and the pipe. In such a case, the external forces acting on the fluid can be characterized by both values P a and P b . The linearity of the Stokes equations ensure the existence of a coefficient R > 0 which relates the flux q and the pressure jump
By analogy with electric conductors (flux and pressure respectively play roles of intensity and potential), R is called the resistance of the pipe. It depends on the geometrical characteristics of the pipe and on the viscosity µ of the fluid:
Flow through an elastic pipe
Now we consider interactions between the fluid and the pipe. Let r(z) denote the equilibrium radius of a section of the branch. It depends on the position z on the axis [0, L]. Under the following hypothesis:
(1) The pipe remains cylindrical after deformation, i.e. r(z) = r, (2) The fluid flow is stationary (i.e. flux is not time dependent), we first prove that the equilibrium state of the branch is such that its radius is a positive root (if it exists) of the equation:
where t is the superficial lineic tension and P ext is the external pressure. Since our approach is quasi-static, we give mechanical data corresponding to different states of the branch. These data will allow to solve (3.3). We end this section by solving (3.3) and by giving bounds on the solution which will be useful for the constrained minimization problem (fixed point theorem).
Equilibrium state of the branch
Let us establish (3.3). To do so, consider a small portion of a branch δB (see Figure 1 ). The superficial lineic tension is given by a function t which depends on the radius r of the branch. In order to force the branch to stay cylindrical, we introduce the following tangential force F t . It is tangent to the branch surface and the resulting force on δB is:
where τ is the tangential vector.
The external pressure force on a small area dS = r dθ dz is given by the external pressure times the surface, ie P ext dS. Its direction is normal to the surface (along vector n(θ)) and inward the center of the branch. Since the external pressure is assumed to be constant all around the pipe, on δB, we have :
Tangential forces orientations on an element dS of the branch surface.
The internal pressure P int (z) at position z ∈ [0, L] is due to the flow q inside the branch and is given by Poiseuille relation (3.1) with (3.2):
Hence the mean internal pressure P int in the branch is
Since we assume that the pipe stays cylindrical after deformation (which can be viewed as saying that the internal pressure is supposed to be constant and equal to its mean value thanks to the fact that the external pressure is constant), the internal mean pressure forces acting on the portion of branch is directed along n(θ) and from the center of the branch toward its surface and is given by:
Moreover, we have:
Hence, if δB is in a quasi-static state:
therefore, the equilibrium state of the branch is such that its radius is a positive root (if it exists) of (3.3).
Mechanical data and definitions
Let us now give some mechanical data on the branch which describe its mechanical behavior. This will allow us to solve equation (3.3) . First, in the sequel P 0 will denote a fixed pressure value.
Let us next explicit three specific branch radii corresponding to different values of pressure and flux appearing through this model. The different radii of a branch B are linked together through mechanical equilibrium equations. This branch is assumed to have an unconstrained radius r 0 under the pressure P 0 (see (3.6) below). For human lung, this state will correspond to the case of a dead body. The lung is almost collapsed. Then, we modify the exterior pressure to P 1 ext and we consider that there is no flow inside the branch. The radius of the pipe is r e solution of (3.7) (see below). This radius r e corresponds to Weibel's data [13] and r 0 is calculated from r e equilibrium equation (3.7). We assume that
The last step consists in modifying the exterior pressure to P 2 ext and in applying a non-negative flux q through the pipe. Hence, we obtain the final radius r. Since we consider expiration, we assume that
Let us now go further into details.
Definition 3.1. Unconstrained radius:
We denote by r 0 the branch radius satisfying
It is a solution of (3.3) when P ext = P a = P 0 and when there is no flow going through the branch, i.e. q = 0.
Definition 3.2. Initial radius:
We denote by r e the radius which corresponds to the branch geometry (i.e. solution of (3.3)) when P ext = P 1 ext satisfying (3.4), P a = P 0 and when there is no flow inside the branch. In this case, this geometry r e satisfies the following equilibrium:
In the sequel, it will be referred to as an initial state.
Definition 3.3. Final radius:
We denote by r a solution of equation (3.3), if it exists, when P ext = P 2 ext with (3.5) and the flux q is given, assumed to be non-negative. This situation corresponds to a deformed branch with a flow q inside. It will be referred to as a final state.
Let us now explain the elastic law t, we consider the linear case:
whereẼ(w) depends on the Young modulus and the width w of the branch. More precisely, the termẼ(w) is a lineic force and corresponds to the resultant of elasticity forces on a unit section of bronchial wall, hence this corresponds to Ew where E is the Young modulus, see Figure 2 . Note that such a definition corresponds to a mono-dimensional string model for walls behavior. In particular, it neglects the wall deformations in other directions than the longitudinal one (like thickness changes). This choice is a coherent approximation with the preceding approximations of small deformations and constant radius along the whole branch. Note that it also limits the number of parameters involved in the model. It is however possible to give an alternate definition assuming thin plate behavior and involving the Poisson's ratio ν of the branch walls. In this case,Ẽ(w) could be expressed by Ew/(1 − ν 2 ). Because tissues are almost incompressible, ν ∼ 1/2 and this induces a supplementary 4/3 factor to our choice ofẼ(w).
According to data from [9], we use a linear dependence between bronchial radius and bronchial wall thickness of the type: w = γr e . In [9] , estimated values of γ are between 2/5 and 1/2. In the following we will use γ = 2/5, hence
Although such a law is not realistic in the sense that t(r) does not tend to −∞ when r goes to zero (which should be the case in order to describe the fact that the branch cannot collapse in vivo), it is a good approximation for a first study. , which we assume from now on to be positive. Moreover, we assume that r e ≥ r 0 , which corresponds to
3.2.3. Study of equation (3.3) and definition of q → r(q):
In this paragraph, we study hypothesis under which equation (3.3) admits a unique solution, we give some monotonicity results and we state some estimates on the radii and pressures. These properties are necessary in order to obtain the existence of a deformed tree, see below Section 4. This part is rather technical and it can be left apart by the reader who is interested in the modelling part of this work.
More precisely, we assume that (3.5-3.9) are satisfied and that the inlet pressure satisfies P a ∈]P 
which, for simplicity, we rewrite as:
Proposition 3.4. Let q ≥ 0 and α < 0 be fixed, then g α (r, q) = 0, with g α (r, q) given by (3.12) , admits a unique solution that is denoted by r α (q). Moreover, α → r α (q) and q → r α (q) are increasing functions.
Proof. Let q ≥ 0 and α < 0 be fixed. Using the continuity and the strictly decreasing character of the function r → g α (r, q) on ]0, +∞[ together with lim r→0 + g α (r, q) = +∞ if q > 0 or lim r→0 + g α (r, q) = 1 if q = 0 and lim r→+∞ g α (r, q) = −∞, we obtain the existence and uniqueness of the root r α > 0.
r e > 0, then we deduce the increasing character α → r α (q) from the decreasing character of r → g α (r, q). The increasing character of q → r α (q) is obtained similarly.
Proposition 3.5. Under the same hypothesis as Proposition 3.4, the function r e → r α (q) is an increasing function and
Proof. The increasing property is shown similarly as in the previous Proposition and the equivalents are a direct consequence of the definition of g α .
Remark 2. In this remark we give some estimates which will be used for the recursive construction of the deformed tree (see Section 4). Assume that there exists q max > 0 and α min ≤ α max < 0, with q ∈ [0; q max ] and α ∈]α min ; α max [. From Proposition 3.4, we deduce that
In the sequel, we will simply denote r α min (q min ) by r min and r α max (q max ) by r max . The existence of α max < 0 is satisfied when
which corresponds to a value for P 
FINITE TREE
We start this section with some notations and definitions for finite tree. Then for a rigid tree we state the relations between the fluxes at the leaves and the pressures in the nodes. In such a case, there is no interaction between the fluid and the tree. The main difference with [3] is that we study more general rigid trees (non regular trees) for which the branch radii are non constant on a same generation. This study, which is technical, is needed in order to construct the deformed tree in the general case. Then, we consider the case of an elastic tree and we investigate the deformation mechanism described in the previous section for the elastic pipes (composing the tree) in which an incompressible, viscous, non-inertial fluid flows. Note that a more theoretical study of finite and infinite tree was done in [11].
Notations and preliminaries
From now on, we will consider a finite dyadic three dimensional tree with N + 1 generations (of height N ). It will be denoted by T N . In such a tree, there are the root, 2 N leaves, 2 N +1 nodes and 2 N +1 − 1 branches. We denote by X N = {X 0 , (X i ) 1≤i≤2 N +1 −1 } the set of the nodes, where nodes are indexed by 0 for the root node and i ∈ {1, ..., 2 N +1 − 1} for the other nodes. We use the convention that the two nodes steaming from X i are X 2i and X 2i+1 , see Figure 3 . The set of branches is B N = {(B i ) 1≤i≤2 N +1 −1 } with the convention that branch i ends at node i and is the set of the branches. Definition 4.1. Let k and l be the mappings defined as follows:
If i is a branch or a node index, then k(i) ∈ {0, ..., N } indicates the generation number and l(i) ∈ {0, ..., 2 k − 1} is the position on the k-th generation. For simplicity, when i is given, we denote k(i) and l(i) by k and l. In order to establish a relationship between the fluxes at the leaves and the pressures at the leaves in the case of a non regular tree (see Proposition 4.5 below), we have to "follow" the fluid through paths in the tree. Therefore, it is necessary to define the notions of path and sub-path on T N .
N +1 − 1} be given, the set of the indices of branches corresponding to the k(i) + 1 branches that link the root node to the i-th node is denoted by Π 0→i . It is the set of strictly increasing integers:
where
Let Π j→i , for i ≥ j, be defined as follows:
Flow through a rigid dyadic tree
We consider an incompressible, viscous and non-inertial fluid which flows through a tree T N of connected pipes. Each pipe is characterized by its resistance see (3.1) and (3.2). Our first step, as in [3] , consists in establishing a relationship between pressures and fluxes at the leaves.
Pressure, flux, resistance and radius associated with T N
In the sequel, we will denote by P root the pressure at the root node that we will assume to be nonnegative. We will denote by P 0 a reference pressure that we will also assume to be non-negative. Practically, P 0 will correspond to atmospheric pressure. Moreover, in the case of the human lung, the region where this analysis could be valid is the central region, hence the pressures P 0 and P root are different. Furthermore, since we study the expiration phase, we assume that
We denote by p TN (resp q TN , r TN and R TN ) the pressure vector (resp. flux, radius and resistance vectors) whose components are the pressure (resp. flux, radius and resistance) on the nodes (resp. branches) of T N . Since the pressure at the root node is given by P root , this can be written as:
The vectors r TN and R TN are defined similarly to q TN . Furthermore, the total resistance associated with the path Π 0→i is:
For the radius and the resistance associated with a tree, we will omit the subscript, when no confusion arises.
Relation between pressure and flux at leaf exits of T N
From now on, leaf exits of the tree will be indexed by 0, ..., 2 N − 1. Moreover, the pressure (resp. flux) vector at leaf exits will simply be denoted by p (resp q) with:
Remark 3. Recalling notations introduced in the previous section we have
Definition 4.4. Given two positive integers i and j and their binary expansions
we define ν i,j as
Let us now state the relation between pressure and flux at leaf exits. Since the proof is similar to the one which was done in [3] (Proposition 1.2.) in the case of a regular tree, we do not repeat it here and refer the interested reader to [3] . Proposition 4.5. We consider a full dyadic tree T N characterized by its radius r and its resistance R. Supposing that the root node is at pressure 0, then pressures and fluxes at leaf exits are related by
When the pressure at the root node is P root > 0, the relation between pressures and fluxes at leaf exits is obtained by adding P root to the pressure given in Proposition 4.5.
Remark 4. Similarly, it is possible to express the pressure on each node according to the fluxes at the outlets using the following equalities:
Definition 4.6. We denote by B N the set of matrices B N (r) which satisfy (4.5).
From the definition 4.6, it follows that B N is a subset of S N (R). It is also possible to give the following equivalent expression of the matrices in B N :
where 0 is used for 0I
is a matrix of ones. Note that we also have another expression for the pressure
Remark 5. When the tree T N is regular, the matrix B N (r) takes the following form, see [3] :
where S n is the cumulative resistance R 0 + R 1 + ... + R n . In this case, up to a multiplicative constant, the matrix B N (r) is a doubly stochastic matrix which admits the Haar basis as eigenvector basis.
In the case of a non regular tree, the properties of the matrices B N (r) are given in Appendix A. These results will be used in the proof of Theorem 6.4.
Tree deformation mechanism
We are interested in the modeling of air flow in the bronchial tree and we focus on the expiration phase. In such a phase, since the pressure at the root node P root is assumed to be non-negative, the pressures on the whole treep i are also non-negative. More precisely, going from the root of the tree to the leaves, the pressures on a path are not decreasing. This is a consequence of the assumption that the leaf's fluxes are non-negative. Hence, the fluxes on the whole tree are also non-negative.
First, we give some technical definitions and mechanical data and then we state our main result which is Theorem 4.9.
Definitions and mechanical data
Let Φ be the total outgoing flux in the root node. Definition 4.7. We say that a leaf flux vector q ∈ R 2 N is ǫ-admissible when it satisfies t Jq = Φ and
We denote by Ω ǫ the set of ǫ-admissible leaf flux vector. Moreover, we denote Ω = Ω 0 and in such a case (ǫ = 0) q ∈ Ω is simply called admissible.
The following Lemma will be useful in order to work with strictly positive flows in every branch of the tree. This property easily comes from the Kirchhoff's law [2] applied to the fluxes at branches bifurcations. Remark 6. In the sequel, we will use the following notations:q
N −j ǫ, with ǫ depending on Φ well-chosen, see Proposition 6.2 below.
We now study the case of an elastic dyadic tree T N in which flows an incompressible, viscous and noninertial fluid with a given total flux Φ. Similarly to Section 3, we consider three different states of the tree: unconstrained tree, initial tree and final tree, when every pipe of the tree has a radius which is respectively in unconstrained, initial and final state. We neglect the gravity and the exterior pressure is assumed to be uniform all around the tree. We denote by P
The initial tree, which is denoted by T e N is such that its radius, denoted by r e satisfies on every branch:
Finally, let q ∈ Ω be given, the final tree, which is denoted by T N is such that its radius vector, denoted by r, is a solution (if it exists), for all i ≥ 1, of the following equation: and
with the convention thatp 0 = P root .
Remark 7. Since α i depends on r and on q, we should denote α i (r, q). Indeed in (4.16) we see thatp
For simplicity we will omit this dependance.
Remark 8. From now on, when a tree T N will be mentioned, it will be clear that it will be with an unconstrained tree T 0 N and with an initial tree T e N .
Main result
Now, we can define the tree deformation function G by:
where g i,αi (r, q) is given by (4.15) . This is obviously a C ∞ -function. The study of the properties of G is postponed into Appendix C.1. Theorem 4.9. Assume that P root < P 0 + (P 
Proof. We will proceed recursively on the generations. Let T N be a tree of height N . Recalling Proposition 3.4, condition (3.15) with P a = P root is exactly the hypothesis P root < P 0 + (P 2 
There are two alternative situations:
• The inequality (4.23) is verified, we choose a 1 = r e 1 and we can go on to the next step.
• The inequality (4.23) is false. According to Proposition 3.5,r 
Note that the second situation can be reproduced in the downward parts of the tree because the pressure in one node only depends on what happens between this branch and the root of the tree. Hence, the next steps, modifying only downward branches in the tree, will not modify the properties (pressure, flow or radius) of the current branch. Therefore, reproducing this scheme in the next generations of the tree leads to the existence of a real vector a = (a i ) i=0,...,N−1 such that if, for all i verifying k(i) = j,r In this study, the geometry of the tree is defined through its initial state and more precisely through P 0 , P 1 ext , E and its initial radii r e , thus r e is a data as much as E is. Moreover, the unconstrained radii r 0 is a consequence of those data, and in particular of r e . This choice of data has been driven by the method used in [12,13] in order to measure sizes in lungs, actually measurements have been made in a state close to end inspiration at rest regime. Indeed, it is the reason why we choose to impose hypothesis on r e in Theorem 4.9.
The previous Theorem leads to the definition of the function q → r α (q).
Definition 4.10.
Under the same assumptions as Theorem 4.9, we define the C ∞ mapping r α as follows:
From now on, we will assume that the real numbers α < 0 are fixed and we will simply note r = r α .
VISCOUS ENERGY MINIMIZATION
Let T N be given and B N (r) be the resistance matrix associated to it by Proposition 4.5 and Definition 4.6. We recall that B N (r) is a real symmetric matrix of size 2 N × 2 N . Let us denote by E D the viscous dissipated energy of the tree. It is a function of the flux vector q at leaves, and it is the sum of the viscous dissipated energy in each branch of the tree (for the branch i, this loss of energy isR iq 2 i ). It is easy to prove that the total viscous dissipated energy in the tree is given by
Assuming that the flow Φ going through the first generation branch (the root node or the "trachea" depending on which part of the human lung we consider) is given, we want to minimize E D over all fluxes q ∈ [0; Φ] 2 N such that
where we recall that J = t (1, 1, ..., 1). Using Lagrange multipliers, at an extremum q 0 , we have
Remark 10. In particular, the optimal flow q 0 is the image of an homogeneous distribution of pressures at exits equal to Φ/( t JB N (r) −1 J) (note that the term ( t JB N (r) −1 J) −1 represents the equivalent hydrodynamic resistance of the whole tree).
Remark 11. Note that if T N is homogeneous, see Remark 5, J is an eigenvector of A and q 0 = Φ/2 N J.
Let us now define a flux optimization mapping as follows:
Definition 5.1. Let T N be given and B N (r) be its resistance matrix (see Proposition 4.5), the mapping f is defined as follows:
with Q defined by:
We recall that Ω = {q ∈]0; Φ[ 
Proof. Since
t Jf (r) = Φ, it is enough to prove that f (q) i > 0, for all i ∈ {0, ..., 2 N − 1}. This easily follows from Lemma A.2.
OPTIMIZATION FLUX FOR A DEFORMABLE TREE
In this section, we state our main result in Theorem 6.4. Since the proof is technical, we postpone it until Appendix C.
We consider an elastic dyadic tree T N with given radii r 0 and r e , we prove that under some assumptions on α 1 (r, q), there exists an optimal flux q ∈ Ω for the deformed tree of radius r(q) given by Definition 4.10.
Proposition 6.1. Under the same assumptions as Theorem 4.9, there exists q F in Ω such that
where F is defined by
Proof. Since Im(F ) ⊂ Ω ⊂ Ω and Ω is a compact and convex set and because F is continuous, from the Brouwer fixed point theorem, we deduce the existence of q F ∈ Ω such that F (q F ) = q F . Because Im(F ) ⊂ Ω, it follows that q F ∈ Ω.
Remark 12. Recalling Remark 10, we know that optimal flow corresponds to identical pressures at each exit. Hence, it is also possible to search optimal pressure p ∈ R of deformed tree exits through a fixed point of the application
However, to obtain branch deformation it is necessary to compute the flow vector q = B N (r 0 ) −1 pJ and complexity of both approaches are the same.
It is possible to obtain a better localization of the fixed point q f using the fact that for each tree T N there exists ǫ TN > 0 such that Im(F ) ⊂ Ω ǫT N . This property is a consequence of the limitation of deformation range of radii. Actually, and because the fluxes are bounded by Φ and positive, the tree branches cannot collapse (zero radius) or infinitely dilate. Finally, the following result holds:
Proposition 6.3. Under the same assumptions as Theorem 4.9, the restriction
Proof. Using Ω ǫT N in the same way than proposition 6.1 leads to the result.
According to Remark 6, we will use ǫ TN as ǫ to define the different values of q min j and q max j . The preceding result does not give uniqueness and can not be easily used to build a fixed point. However with stronger hypothesis, Picard's theorem applies and can be used to numerically estimate the fixed point. This leads to the following theorem. Note that its proof is quite technical and can be found in the appendix C. 
( 6.1) 7. NUMERICAL SIMULATIONS
Methodology
The simulations are applications of Theorem 6.4. They were performed with Matlab 7. The evaluations of the function q → r(q), defined by G(r(q), q) = 0 (Theorem 4.9), were obtained through a Newton method. The numerical process uses the characteristic geometrical structure of this problem and calculates most of the different variables (pressures, radii) from the top of the tree down to the lower part. Numerical values for the different parameters were obtained from lung physiology literature [1, 4, 8, 10, 12, 13 , 15] and will not be discussed here. Young's modulus is assumed to be constant along the generations. Although this last hypothesis is not quite realistic, applying a mean value to the whole tree seems a good compromise knowing that mechanical properties of small bronchi are not well known. Thus, we use E = 6250 P a for Young's modulus [8, 10] of each bronchi walls. The tree is assumed to have eleven generations and to be of fractal structure: bronchi of one generation are homothetic to bronchi of the previous generation with a factor h = 0.82 [7, 13, 14] . Parenchyma pressures have been fitted relatively to trachea velocities from measures obtained in [4] .
To measure the global deformation of the structure, the mean l 2 -deformation of the branches or tree deformation (%) will be used. It is given by:
Convergence
To study the convergence speed of scheme 6.1, a local estimate of the Lipschitz constant k of the application F has been calculated. Convergence velocity is given by the following inequality, which holds true for all n ∈ N * :
To locally estimate k, the value Err = ln ((q n+1 − q n )/(q 1 − q 0 )) has been stored for each sequence index n. According to the inequality ||q n+1 − q n || 2 ≤ k n ||q 1 − q 0 || 2 going along with Picard theorem, if convergence occurs, Err should be smaller than a line with negative slope ln(k) (k ∈]0, 1[) and hence should be decreasing to −∞ with n.
To illustrate the scheme convergence, we exhibit an example corresponding to the tree described previously (section 7.1), but one of its third generation branches is assumed to be partly collapsed (the radius has been reduced to one third of its original value). The flow and root pressure have been adjusted such that the velocity in trachea corresponds to forced expiration and reaches 15 m.s −1 (remember that the first generation of our tree corresponds to the sixth generation of the lung). The Young modulus has been chosen to be E = 1250 P a (five times smaller than in the previous section). The results are presented on Figure 4 . On the left part Err has been represented and is decreasing very fast. From the numerical results, the local Lipschitz constant is smaller than 0.042. Hence for the sixth iteration, the inequality ||q 6 − q|| 2 ≤ 1.3 × 10 −7 ||q 1 − q 0 || 2 holds. The right part of Figure 4 shows the leaf flow profile in the tree along the iterative process. Since the convergence is fast, the difference between the initial profile (dashed line) and the first iteration profile (dashed dotted line) is large. The sixth iteration (continuous line) is very close to optimal flow.
The mean l 2 deformation of the branches in this example is of 17.6%, with a larger value reached on a leaf branch (17.9%) and smaller value on root branch (14.8%). The dissipated viscous energy in the tree with flow q 6 represents only 13.6% of the dissipated energy with flow q 0 . FIGURE 4. Convergence of iterative scheme q n+1 = F (q n ). Left : "convergence curve" (ln of relative error from one step to the next), this curve helps us to bound the Lipschitz constant of F , which is smaller than 0.042 here, hence the convergence is fast. Right : flow during iterative scheme, initial flow q 0 is represented by the dashed line.
Note that as stated in Proposition C.2, reducing too much the parameter E (lower than 223 P a in this particular case, to compare to the 6250 P a for the lung) or increasing too much the parameter Φ (trachea velocity larger than 77 m.s −1 ) leads to non convergent schemes. Moreover, these two thresholds depend on each other, for instance a 70 m.s −1 velocity in the trachea leads to a threshold on E of 1087 P a, while E = 6250 P a leads to a threshold on trachea velocity of 234 m.s −1 ).
Study of Equal Pressure Point (EPP)
The behavior of bronchial wall (constricted or dilated) is defined by the difference between pressure increases in the bronchia and in the parenchyma (pleural pressure). There are two scenarii:
• This difference is negative, this leads to bronchial dilatation, • This difference is positive, this leads to bronchial constriction.
From the leaves of the tree to its root, the bronchial pressure p i decreases with generations up to the trachea, where it reaches atmospheric pressure (chosen to be 0 in our model). In the case when pleural pressure increase during expiration is lower than alveolar pressure increase, then both scenarii can happen in different bronchi of the tree. This creates a dilated region in the lower part of the tree and a constricted region in the higher part, as shown on Figure 5 . The transition region (which is more precisely a set of generations in our model) is called the Equal Pressure Point, shortly named EPP.
To track EPP, we have simulated a range of velocities in trachea and checked when both scenarii are present, using the following property. The tree deformation is directly linked to the presence of EPP: deformation reaches its minima when EPP reaches in the tree. This is a natural consequence of its definition. Actually, pressure in the branches where EPP occurs is at equilibrium with parenchyma pressure and these branches are not deformed. Thus, pressure in the other branches are the closest to equilibrium with parenchyma than in any other configuration and the whole tree suffers the smallest deformations. Hence we have used this criterion to detect EPP. FIGURE 5. Plots of tree deformations. The minimum point is used to localize the range of velocities where EPP occurs. On the left: a fractal tree of eleven generations (h = 0.82), on the right: the same fractal tree with a branch from the third generation being partly collapsed (radius divided by three). Note the effect of this collapse on EPP localization.
Two tree deformations plots for a range of trachea velocity have been drawn on Figure 5 . The left plot corresponds to a fractal tree of eleven generation (h = 0.82) and shows a minima around 17.57 m.s −1 . The right plot shows the consequence on the minima on a tree with a third generation branch partly collapsed (radius divided by three). The minima is then shifted to the higher velocity 17.62 m.s −1 . Hence the global deformation can be linked to tree structure or defects, this criterion could be used to check tree pathologies due to geometrical changes. 
The following result shows that the relation p = B N (r)q is invertible. Therefore, one can choose indifferently pressures or fluxes at leaves to study the structure of the flow in the tree. The inequality given in the following lemma is needed in order to prove Proposition 5.2.
Lemma A.2. The matrix B
N (r) belongs to GL 2 N (R) and
Proof. Since B N (r) is a positive definite matrix, it belongs to GL 2 N (R).
hence β0β1 ≥ 0 and β0β1 = 0 if and only if β0 = β1 = 0. Similarly, we obtain that β2iβ2i+1 ≥ 0 and β2iβ2i+1 = 0 if and only if β2i = β2i+1 = 0 for all i ∈ {0, ..., 2 N −1 − 1}. Moreover, we also have
Using next that β1 =R 4 R 5 β0 and β3 =R 6 R 7 β2, we obtain
hence β0β2 ≥ 0 and β0β2 = 0 if and only if β0 = β2 = 0. Similarly, we obtain that β2iβ2i+2 ≥ 0 and β2iβ2i+2 = 0 if and only if β2i = β2i+2 = 0 for all i ∈ {0, ..., 2 N −1 − 2}. Hence, following this approach recursively, from
we deduce that all the β have the same sign and if one of them vanishes, so do all of the others. The latter case is not possible since B N (r) t (β0, ..., β 2 N −1 ) = J. Moreover from B N (r) t (β0, ..., β 2 N −1 ) = J again, we deduce that βi > 0.
APPENDIX B. PROPERTIES OF PATH MATRICES
In this appendix, we give the definition and properties of a particular set of matrix denoted by P 2 N +1 −1 . The results describe here will be used for the estimates of Appendix C which are necessary in order to prove Theorem 6.4.
Definition B.1. Let P 2 N +1 −1 be the set of square matrices defined by:
such that P is lower triangular and
Let us now establish some properties of matrices belonging to the set P 2 N +1 −1 . This set and its property will be useful in the sequel to study the convergence speed of an iterative process, see Appendix C.
Proposition B.2. Let
Moreover the inverse of an element of P 2 N +1 −1 can be obtained through an iterative process (it can be built column-wise, from the beginning of the column to the end): Proposition B.3. Let A = (aij) ∈ P 2 N +1 −1 then its inverse B = (bij) ∈ P 2 N +1 −1 is such that:
Proof. We easily see that B belongs to P 2 N +1 −1 and that AB = I 2 N +1 −1 .
Now we obtain an upper bound for the coefficients of A −1 = (bij) depending on boundary properties on the coefficients of the matrix A in P 2 N +1 −1 . Let A = (aij) be given in P 2 N +1 −1 . We assume uniform boundedness conditions: ∀i = j, |aij| ≤ α and − aii ≥ β > 0.
(B.1)
First let us introduce the following real sequence:
Lemma B.4. This sequence can be rewritten for n ≥ 2:
Proof. We have un+1 − un = (α/β)un for n ≥ 2, hence using u2 = α/β 2 gives the result.
Proposition B.5. Let i, j in {1, ..., 2 N +1 − 1} be such that i ≥ j. According to the branch numbering, this implies that the corresponding generations of the branch i and j verify k(i) ≥ k(j). With this hypothesis, we have:
Proof. Let i, j be in {1, ..., 2 N +1 − 1} such that i ≥ j. If Πj→i = ∅ then bij = 0 and the inequality is true. Now assume Πj→i = ∅. According to the definition of bij and the boundedness hypothesis on αij, we can write if i = j:
and of course bii ≤ 1/β. The important point is that the set of bpj corresponds to the branches linking branch j of generation k(j) branch i of generation k(i). Hence there is exactly one p in the sum for each generation in {k(j), k(j) + 1, ..., k(i) − 1} (recall that we suppose p = i). Therefore, there are exactly k(i) − k(j) terms in the sum. This also shows that the upper bound of bij only depends of bpj which have smaller generations and consequently such that their indexes p verify p < i.
Hence, we will use a recursive proof indexed by the difference between generations k(i) − k(j). Recall that we assume Πj→i = ∅.
The n ranked induction hypothesis is :
This is true at rank 0. Now assume k(i) − k(j) = n + 1 and assume true the n ranked induction hypothesis, then:
But we recall that if m is different from i and belongs to the set Πj→i, its associated generation is smaller than i, hence k(m) − k(j) < k(i) − k(j) and k(m) − k(j) ≤ n. Moreover such m, (i.e. different from i and belonging to the set Πj→i), cover each generations between k(j) and k(i) − 1. Consequently for each p in {k(j), ..., k(i) − 1} there exists a unique mp in the sum such that k(mp) = p. According to the n ranked induction hypothesis we have:
Now putting this in bij:
which leads to:
This shows the n + 1 ranked induction hypothesis and the result is true for every n ∈ N * . Now if the tree has N generations and because n → un is increasing, we have:
and denoting by |||.|||2 the matrix norm subordinate to the euclidean norm (i.
) we have:
In Section 6, we found a fixed point of F . However, we did not prove uniqueness nor supplied a constructive method. In this part, we prove that under more restrictive hypothesis, the Picard fixed point theorem can be applied. Here, we assume that Theorem 4.9 is verified. Let us begin with the convergence and convergence speed of the iteration scheme defined by:
To do so, we look for a constant 0 < C < 1 such that
More precisely, we will prove that ∇qF is bounded and that its bounds can be adjusted thanks to models parameters in order to apply Picard Theorem.
First, recalling that F = f • r, with f given by (5.1), from the chain rule together with G(r, q) = 0, it follows that:
The expression of ∇qF leads us to study the three gradients of the right-hand side of equation (C.2).
C.1. Gradients
In this part, we calculate the three gradients of the right-hand side of (C.2).
C.1.1. Calculation of ∇rG
First, we recall that for all i ∈ {1, ..., 2 N +1 − 1}:
hence (r, q) → αi(r, q), given by (4.16), has zero derivatives
(r, q) if j / ∈ Π0→i or j = i. Furthermore, we have:
Proposition C.1. The matrix ∇rG is triangular. It belongs to GL 2 N +1 −1 (R) and is given by:
Proof. The fact that
(r, q) = 0 comes from the assumption αi(r, q) < 0 together withqi ≥ 0.
Remark 13. The matrix ∇rG is a sparse matrix which has at most P 2
(k + 1)2 k non vanishing terms (it has at most (k + 1)2 k non vanishing terms on line k). Moreover, it belongs to the set P 2 N +1 −1 studied in Appendix B.
C.1.2. Calculation of ∇qG
First, recall that for all j in {1, ..., 2 N +1 − 1}:
Obviously, from (C.3), we deduce that: 
and B N (r) being the matrix associated to a tree TN with an r distribution of radii as in Proposition 4.5. A simple calculation gives the differential of Q:
The differential of the application r → B N (r) is easy to calculate, because every coefficient
Ni,j has the property that if k, l ∈ Ni,j, with k = l, then g(k) = g(l) (hence there is a maximum of N terms, reached on diagonal), see Proposition 4.5 and Definition 4.6. Then, we can write for all (i, j) in {1, ..., 2 N +1 − 1}: 
Finally, the chain rule yields:
C.2. Estimates
In this part we give the estimates of the three gradients of the right-hand side of equation C.2.
C.2.1. Estimates of ∇rG
Recalling the definition of ∇rG, we know that it belongs to P 2 N +1 −1 , hence we can apply Proposition B.6 and we can give estimates on α and β given by (B.1). For simplicity, we will now denote A = (aij) the matrix ∇rG.
Estimate of α:
We assume in this paragraph that i = j. We recall that: .
According to the data of our model, the right-hand side of the previous inequality is always strictly positive, hence we can conclude that: Then, along with Proposition B.6, this yields that |||(∇rG(r, q))
with α and β given by (C.8) and (C.9).
C.2.2. Estimate of ∇qG
From equation (C.5), for all i in {1, ..., 2 N +1 − 1} and k ∈ {0, ..., 2 N −1 }, it follows that: According to the formula of ∇rf given in Section C.1.3, we need to estimate the following terms t JA −1 J, DAQ(A).H and A −1 with correct norms.
Estimate of t JA −1 J:
Since A −1 is a symmetric positive definite matrix (because A is, see Proposition A.1), we know that it is coercive and that its coercive constant is its smallest eigenvalue, i.e.: Let us call m1(TN ) the right-hand side term of the previous inequality divided by 2 N , then tr(A) ≤ 2 N m1(TN ), where m1(TN ) only depends on the parameters of the model (which are the unconstrained radius, the pressures Pext, the root pressure, P0, E and Φ). Then, using (C.12), we obtain:
Estimate of DAQ(A).H:
Thanks to the previous inequality, and from Section C. Let us set m2(TN ) = 2 N 24c||re||∞ P N g=1 1/(r min g
) 5 , which only depends on the parameters of the model. We have:
||∇rA.h||2 ≤ m2(TN )||h||2.
Estimate of
Using (C.10) and (C.13), we deduce that 
C.2.4. Final estimate
Combining all results (C.15-C.18) from this section allows us to get an upper bound of |||∇qF (q)|||2:
∇qF (q).h = −∇rf (r(q)).ˆ[∇rG(r(q), q)] −1 .∇qG(r(q), q).h˜.
Hence there exists a constant C(TN , Φ) such that for all h ∈ R Remark 14. In the same way, it can be shown there exists Emin > 0 such that if E > Emin then the Picard Theorem applies on F .
